Let G be a crystallographic group in I R n . A Dirichlet stereohedron for G is any region in the Voronoi diagram of any orbit of G.
Introduction
This paper deals with the combinatorial type of Dirichlet stereohedra in three dimensions. More precisely, we nd the exact maximum number of facets of threedimensional Dirichlet stereohedra corresponding to groups which contain re exions.
Let A special manner to nd fundamental domains for a crystallographic group is to compute the Voronoi diagram of the orbit of a point with trivial stabiliser. Each region of the Voronoi diagram is a fundamental domain for. This particular kind of fundamental domains are called Dirichlet domains and they are bounded convex polyhedra. In the theory of tessellations, a stereohedron is any convex polyhedron which tiles the space by the action of a crystallographic group. It is is clear that Dirichlet domains are stereohedra and, hence, they are also called Dirichlet stereohedra.
The study of the combinatorial types of stereohedra is related to Hilbert's 18 th problem, \Building up the space with congruent polyhedra", from his list posed in 1901 (see Milnor'74] , Senechal'96] ). Although Bieberbach (1910) and Reinhardt (1932) gave complete answers to Hilbert's speci c questions, other problems related to monohedral tessellations (i.e. tessellations whose tiles are congruent, such as those which appear in Hilbert's 18 th problem) have been posed. They dacib@matesco.unican.es y santos@matesco.unican.es are exhaustively described in a survey on tessellations by Gr unbaum and Shephard ). In particular, they ask to determine the maximum number of (d ? 1)-dimensional faces (i.e. facets) or, at least, a \good" upper bound, of convex polyhedral tiles of monohedral tessellations in IR d . This problem, for the case of stereohedral tessellations, is mentioned also in Sch-Sen'97].
The only general result previously known is the fundamental theorem of stereohedra proved by Delone in 1961 Delone'61] . It says that a stereohedron associated to a crystallographic group with a aspects in IR d has at most 2 d (a + 1) ? 2 facets.
Here, the number of aspects of a crystallographic group G is the index G : G T ] of its translational subgroup G T . In other words, the number of translational lattices in which a generic orbit of G decomposes. As a corollary of our analysis of general properties of stereohedra in Section 1 we provide a proof of Delone's theorem for the case of Dirichlet stereohedra.
In three dimensions, Delone's upper bound is 390 since the maximum number of aspects of a three-dimensional crystallographic group is 48. However, the stereohedron with the maximum number of facets known has 38 facets. It is a Dirichlet stereohedron for the cubic group I4 1 32 (24 aspects) found by Engel in 1980 (see Engel'86] ). There is an agreement among the experts that the maximum number of facets that a Dirichlet stereohedra can attain is closer to 38 than to 390 (see Engel'86, page 214 ], Gr u-She'80, page 960], Sch-Sen'97, page 50]).
Starting with Fedorov, who found Dirichlet stereohedra with 14 facets in 1899, there have been various attempts to nd three-dimensional stereohedra with \many" facets. Until 1916, when F oppl ( F oppl'16 ] discovered Dirichlet stereohedra with 16 facets, it was thought that 14 was the maximum number of facets of a threedimensional Dirichlet stereohedron. The story carries on and in 1935 Novacki ( Novacki'35] ) nds Dirichlet stereohedra with 17 and 18 facets. In 1971 L ockenho and Hellner ( L ock-Hell'71]) have given two combinatorial types of Dirichlet stereohedra with 17 facets and one type with 18 facets. The rst Dirichlet stereohedra with 20 facets was found by Smith ( Smith'65] ). Later, Stogrin discovered 5 families of Dirichlet stereohedra with 20 facets and some others with 19, 18, 17 facets (all corresponding to groups with 2 aspects). In 1972 Koch ( Koch'72] ) found Dirichlet stereohedra with 23, 22 and 21 facets and later together with Fischer ) he discovered some with 24 facets.
In 1978, Brunner and Laves conjectured that 26 is an upper bound for the number of facets of three-dimensional Dirichlet stereohedra and 3 d ? 1 for the ddimensional case. This conjecture was found to be false when Engel, two years later, found various families of Dirichlet stereohedra with facets from 17 to 38.
Observe that in these studies only the particular case of Dirichlet stereohedra (also known as plesiohedra) is considered. The reason for this is the absence of practical methods for constructing non-Dirichlet stereohedra. In the words of Gr unbaum y Shephard Gr u-She'80, page 965], \there seems to be no practical technique available which would be guaranteed to produce|if only carried out with su cient perseverance|all combinatorial types of stereohedra". However, as the same authors state, \there seems to be no grounds to assume that all stereohedra are combinatorially equivalent to plesiohedra (though no example settling this question is known)".
In this paper and the subsequent ones Boc-San II] and Boc-San III] we intend to nd a more realistic upper bound for the maximum number of facets of a threedimensional Dirichlet stereohedron. It is clear that the number of facets depends strongly on the crystallographic group associated to it. The results we have obtained so far are: For groups with re exions, an optimal upper bound of 18 facets (this paper). For groups without re exions, upper bounds of 102 for non-cubic groups and 162 for the cubic ones (these can be found in Bochi s'99]).
The method we use for studying Dirichlet stereohedra for a group G with re-exions is based on the use of \re exion cells" of G, de ned as the fundamental domains of the re exion subgroup of G (or, equivalently, the regions in which the re exion planes of G divide the space). Every stereohedron for G is contained in a re exion cell (see Proposition 2.2). As a rst step, we bound the number of facets of a Dirichlet stereohedron inside and in the boundary of the re exion cell, obtaining bounds of 16 and 6 facets in the worst cases. Studying the dependence between the two types of facets, we get a global bound of 18.
Actually, we study separately the cases of groups having re exions in three, two or one independent directions (Sections 2.1 to 2.3) nding upper bounds of eight, eighteen and fteen facets respectively (Theorems 2.4, 2.7 and 2.12) and examples where the three bounds are attained (Examples 2.5, 2.9 and 2.13). Summing up, our main result is:
Theorem The exact maximum number of facets of a three-dimensional Dirichlet stereohedron corresponding to a group with re exions is 18.
For the case of re exions in only one direction we will need to address the following problem: given two orbits GP and GQ of the same planar crystallographic group, how many regions of V or GP (P ) can intersect each region of V or GQ (Q)?
Section 3 is devoted to study this problem. We prove that the number of regions is at most seven in all groups except perhaps those of type pgg, and that there is an explicit example where seven is attained, for the group p2. For pgg, we can only prove the bound of seven under the assumption that GP GQ is again an orbit of a crystallographic group, which is the case needed in Section 2.3.
All throughout the paper we use the International Crystallographic notation for planar and three-dimensional crystallographic groups; see e.g. Lock-Mac'78].
1 Some general properties of Dirichlet stereohedra For any discrete set of points S IR d , the (open) Voronoi region corresponding to a point P 2 S, denoted V or S (P ), is the region of IR d containing those points which are closer to P than to any other point of S, i.e. V or S (P ) = fx 2 IR d := d(x; P) < d(x; Q); 8Q 2 S n fPgg:
The closure of V or S (P ) is a convex polyhedron and it can be described as V or S (P ) = fx 2 IR d : d(x; P) d(x; Q); 8Q 2 S n fPgg: Two points P; Q 2 S are called neighbours in the Voronoi diagram V or S if V or S (P ) and V or s (Q) share a facet. Equivalently, if there exists a sphere C which passes through P and Q and which does not contain any other point of S. Here are some easy to prove properties of Voronoi diagrams that we will use: Lemma 1.1 Let S be a discrete set of points in IR d .
(i) Let S be partitioned in two parts S 1 and S 2 (i.e S 1 \S 2 = ; and S = S 1 S 2 ). If P 2 S 1 and Q 2 S 2 are neighbours in V or S , then V or S1 (P )\V or S2 (Q) 6 = ;. (ii) If S 0 S and P 2 S, then V or S (P ) V or S 0 (P ). (iii) If A; B; C; D 2 S form a planar quadrilateral with vertices in that order, then: 6 A + 6 C 180 ) A is not a neighbour of C in V or S : Hence, g ?1 f is the common facet of V or GP (P ) y V or GP (g ?1 P). 2
Our methods for bounding the number of neighbours of P in V or GP are based in decomposing GP via parallel subspaces (lines or planes) and bounding the number of neighbours in each of them separately. Lemma 1.3 Let be an a ne subspace and let 6 = be a translated of ; let S = GP \ and S = GP \ . Let : IR d ! denote the orthogonal projection to and let S 0 := (S ). If Q 2 is a neighbour of P 2 in V or GP , then V or S (P ) \ V or S 0 ( Q) 6 = ;. Proof: If Q is a neighbour of P, then V or S (Q) \ V or S (P ) 6 = ; by parts (i) and (ii) of Lemma 1.1; observe that S and S are disjoint. Therefore, V or S (Q) \ V or S (P ) 6 = ;. fQ 2 IR d : V or GT P (P ) \ V or GT Q (Q) 6 = ;g =
= fQ 2 IR d : P + Q 2 2 V or GT P (P ) \ V or GT Q (Q)g =
= fQ 2 IR d : P + Q 2 2 V or GT P (P )g =
= V or G 2 T P (P ):
Proof: Let i P be the inversion of centre P (i 2 P = e). Then i P G T P = G T P and therefore V or GT P (P ) = i P V or GT P (P ) = iP+Q 2 (t PQ V or GT P (P )), where t PQ is the translation of vector PQ. Since t PQ V or GT P (P ) = V or GT Q (Q), we have V or GT P (P ) = iP+Q 2 V or GT Q (Q). If the intersection V or GT P (P ) \ V or GT Q (Q) is not empty, since it is convex, the point P+Q 2 has to belong to it and we are done with (1).
For the equality (2) Let P 2 be a point with trivial stabiliser and let 6 = be a translated of .
Then, P has at most 2 k a 0 neighbours on in the Voronoi diagram V or GP , where a 0 is the number of aspects of G 0 .
Proof: Let be the orthogonal projection to the subspace . By Lemma 1.3, if Q 2 is a neighbour of P 2 , then V or G0Q 0 (Q 0 ) (Q 0 = Q) intersects V or G0P (P ). For each aspect of G 0 there are at most 2 k points Q 0 such that V or G0Q 0 (Q 0 ) intersects V or G0P (P ), by Lemma 1.5. Since G 0 has a 0 aspects, the maximum number of neighbours of P is 2 k a 0 . 2
Although we will not need this result, the properties we have mentioned so far lead to a short proof of Delone's fundamental theorem of stereohedra for the particular case of Dirichlet stereohedra: Theorem 1.8 (Delone) Let G be a crystallographic group in IR d with a aspects. Then, any Dirichlet stereohedra for the group G has at most 2 d (a + 1) ? 2 facets.
Proof: Let P be a point with trivial stabiliser, let GP be its orbit and V or GP (P ) the Dirichlet stereohedron we want to study. Let G T be the translational subgroup of G. As in the proof of Corollary 1.6, we decompose GP = G T P 1 G T P a , with P 1 = P. Then, V or GP (P ) V or GT P (P ) and V or GT P (P ) intersects at most 2 d regions in each V or GT Pi (P i ) for i 6 = 1, which implies that P has at most 2 d (a?1) neighbours contained in GP n G T P. Proposition 2.2 Let R be a re exion cell for G and P 2 R. Let S = GP \ R be the set of points in the orbit GP of P inside R. Then, V or GP (P ) = R \ V or S (P ):
Proof:
Since GP S we have V or GP (P ) V or S (P ): In the same way GP G r P and R = V or GrP (P ) implies V or GP (P ) R. Therefore V or GP (P ) V or S (P ) \ R.
Let x 2 R \ V or S (P ) and suppose Q 2 GP n S (see Figure 1 ). Since there exists a re exion hyperplane l which separates x from Q, it follows that there is a point Q 0 2 GP ( obtained from Q by re exion in l) with d(
Given a point P in a re exion cell R we call external neighbours (resp. internal) of P those neighbours of P which lie outside (resp. inside) R. By Proposition 2.2, the common facet between V or GP (P ) and the region of an external neighbour is part of a facet of R. Therefore P has at most as many external neighbours as the number of facets of R. Proposition 2.2 says also that the internal neighbours of P in V or GP (P ) are exactly the neighbours of P in V or GP\R whose corresponding region intersects R. Among the 219 a ne equivalence classes of three-dimensional crystallographic groups, there are 100 with re exions. We will study separately the groups with re exions in three, two and one independent directions. By this we mean, respectively, that the normal vectors to the re exion planes span a 3, 2 or 1-dimensional space respectively. As a rst step we will bound the number of internal neighbours and add to it the number of facets of R in order to get a bound on the total number of neighbours, but later we will re ne the bound taking into account simultaneously the external and internal neighbours.
Groups with re exions in three directions
There are 28 classes of groups with re exions in three directions: 4 in the orthorhombic system, 7 in the tetragonal system, 4 in the hexagonal system, and 13 in the cubic system. Let G be one of them.
Proposition 2.3 Let P be a point with trivial stabiliser in G. Then, P has at most 6 external neighbours and at most 5 internal neighbours in V or GP .
Proof: Every group generated by re exions is a direct product of groups whose fundamental domains are simplexes (see Coxeter'73, ). Therefore the re exion cells are products of simplices. The possibilities are a tetrahedron, a triangular prism and a rectangular prism, so that the maximal number of facets of the re exion cell is 6.
The points which are inside R are all at equal distance to the centroid of R, since every isometry g 2 G has g(R) = R. Hence, the points of GP \ R lie on a sphere.
Their Voronoi diagram induces a monohedral tiling of this sphere and by Euler's formula each region in such a tiling has at most ve edges. Hence, the maximum number of internal neighbours of P is at most 5. 2
Theorem 2.4 For any three-dimensional crystallographic group G with re exions in three independent directions and any point P with trivial stabiliser, the Dirichlet stereohedron V or GP (P ) has at most eight facets.
Proof: Recall from the previous proof that the points of GP inside R lie on a sphere, centred at the centroid O of R. More precisely, they form an orbit of a nite discrete group of motions which we call G O . Moreover, G O is a subgroup of the symmetry group of the re exion cell R and it does not contain re exions. This implies that the only possibilities for G O are (see Lock-Mac'78, pages 124{130]): 1. A cyclic group consisting of rotations around a line. In this case P has only two internal neighbours.
2. A dihedral group generated by a rotation of order m (m 2 f1; 2; 3; 4; 6g) around a line l and either an inversion (if m is odd) or a rotation of order two in a line perpendicular to l (for m 2). Let us call`vertical' the direction of l. If m = 2, P has at most three internal neighbours (since G O has four elements). In any other case P has at most four internal neighbours: two in the horizontal plane containing P and two in another horizontal plane. For the external neighbours, observe that R has to be a prism over either a square (and m = 2 or 4), a triangle (and m = 3) or a rectangle (and m = 2). V or GP (P ) is contained in an angular sector of 360=m degrees around l, which implies that it can be incident to at most two vertical facets of R in the cases where m 6 = 2 and at most three in case m = 2. This gives at most four external neighbours for m 6 = 2 and at most ve for m = 2.
3. The group of direct symmetries of either a regular tetrahedron (12 elements) or a regular cube (24 elements). In both cases R has to be a regular cube, since a regular tetrahedron does not tile the space, and the group G O contains the rotations of order three on the four diagonals l 1 , l 2 , l 3 and l 4 of the cube. Considering a particular diagonal l i , V or GP (P ) has to be contained in an angular sector of 120 degrees at that diagonal. Such a sector intersects at most four facets of the cube (see Figure 2 ). More precisely, for each diagonal l i of the cube there are two facets of the cube sharing an edge which does not meet l i and which do not produce facets of V or GP (P ). This implies that at most three of the facets of the cube produce facets of V or GP (P m generated by the following motions: the re exions on the six facets of a square prism, a rotation of order four on the axis of the prism and a rotation of order two on a perpendicular axis, which exchanges the two bases of the prism.
Its re exion cell is the square prism and it has eight points of each generic orbit inside the re exion cell, forming the vertices of a square antiprism with bases parallel to those of the prism. In part (a) of Figure 3 the re exion cell is projected to a square and the vertices of the two square bases of the antiprism are drawn as black and white points respectively. The point P is labelled 1 and the others 2; : : : ; 8. Let us call vertical the direction of the prism and upper the plane containing P. Suppose rst that the re exion cell is extremely long in height. Then P has seven neighbours: the four vertices adjacent to it in the skeleton of the antiprism (two in each square, labelled 2, 3, 7 and 8 in the gure) its re exion on the top facet of the re exion cell and its re exions on the two vertical facets of the re exion cell closer The lowest point of V or GP (P ) is the common vertex of this region, the regions of 2 and 8 and one of the vertical facets of the prism. Let us call v this point. If we decrease the height of the re exion cell by moving its two square bases simultaneously towards the centre, the rst combinatorial change in the Voronoi region of P will be when the bottom re exion plane cuts o the vertex v. This increases by one the number of neighbours of P. Observe that, at the same time, the top re exion plane will traverse two vertices of V or GP (P ): the ones incident to the regions of 2 and 3 and a vertical facet of R and to the regions of 7 and 8 and another vertical facet. But this, although it changes the structure of the boundary of V or GP (P ), does not a ect the number of neighbours.
Groups with re exions in two directions
There are 40 groups with re exions in two directions: 10 in the orthorhombic system, 19 in the tetragonal system, 6 in the trigonal system and 5 in the hexagonal system. Let G be one of them and let R be one of its re exion cells. Let be a plane perpendicular to all the re exion planes. The projection of R on the plane is a bounded re exion cell of a two-dimensional crystallographic group, i.e. one of the ve triangles or quadrilaterals shown in Figure 4 . R is an in nite prism having as \base"one of the ve polygons. The points inside the prism R form a nite family of 1-dimensional lattices in the direction orthogonal to , and the number of these lattices cannot exceed the number of symmetries of the planar projected re exion cell, since every element of G sending P to a point inside R xes R. The maximum number of possible 1-dimensional lattices is shown by black dots in each case in Figure 4 . The worst case is that of a square, in which there are eight such dots. Proposition 2.6 Given a group G with re exions in two independent directions, any point P with trivial stabiliser has at most most 16 internal neighbours and at most four external neighbours in V or GP . Proof: Since R has at most four facets, P has at most four external neighbours. By Proposition 1.7, P has at most two internal neighbours in each of the 1-dimensional lattices of GP inside R, hence it has at most 16 internal neighbours. 2
Theorem 2.7 For any three-dimensional crystallographic group G with re exions in two independent directions and any point P with trivial stabiliser, the Dirichlet stereohedron V or GP (P ) has at most eighteen facets.
Proof: We only need to deal with the case where the number of 1-dimensional lattices inside R is exactly eight, i.e. the case represented on the right-most picture of Figure 4 . We will prove that one of the following two things occurs: either P has no neighbour in the 1-dimensional lattice containing it (in which case it has at most 14 internal neighbours) or P has at most two external neighbours.
Figure 5: P has 16 internal neighbours For proving this, suppose that P is a neighbour of one of the points in his 1-dimensional lattice. Hence, by Proposition 1.2 it is a neighbour of two points in that lattice. If we look at the Delaunay triangulation of GP, this implies that the line orthogonal to and containing P consists of Delaunay edges. By the action of the symmetry group, the same occurs with all the other lines orthogonal to containing points of GP. The end of the proof is illustrated in Figure 5 . The points P 3 and P 4 , re ected of P by the two facets of R further away from P, cannot be neighbours of P since this would produce Delaunay edges crossing two of the lines orthogonal to . ; z + 1). Let G be the group generated by g. Then, any point P not in the axis of g has sixteen neighbours in V or GP (P ). Proof: Without loss of generality we can assume P = (a; 0; 0), with a > 0.
Let us denote P i = g i (P ) for every i 2 ZZ. We will prove that P (= P 0 ) is a neighbour of the sixteen points P i with i 2 f?8; : : :; 8g; i 6 = 0. It is clear that P is always a neighbour of P 1 since P and P 1 are equidistant to (0; 0; 1=2) and closer to it than any other P i . The same argument works for P ?1 .
Consider now the following quadruples of points: fP ?2 ; P ?1 ; P 1 ; P 2 g, fP ?3 ; P ?2 ; P 2 ; P 3 g, fP ?4 ; P ?3 ; P 3 ; P 4 g. By symmetry, the centres of spheres passing through them lie all in the X-axis. d whose re exion cell is an in nite orthogonal prism over a square and generated by the following isometries:
1. Re exions on the four facets of the in nite prism. Assume without loss of generality that these planes are given by the equations x = k, x = ?k, y = k and y = ?k for a certain C > 0.
2. A screw rotation of order four around the axis of the prism. Assume without loss of generality this is the one sending (x; y; z) 7 ! (?y; x; z + 2).
3. A rotation of order two on an axis incident and perpendicular to the axis of the prism. Without loss of generality we take this axis to be y = z = 0, so that the rotation is (x; y; z) 7 ! (x; ?y; ?z). For any base point P in the re exion cell, the points in GP \ R are the point Q = P obtained by the order-2 rotation and the points i P and i Q (i 2 ZZ) obtained by the screw rotation.
Claim: Any P whose third coordinate is not an integer has at least two external neighbours in V or GP (P ). Since all the regions in V or GP (P ) are equivalent under G, all of them have exactly the same number of facets in the boundary of the re exion cell. In particular, all of them have at least one facet in the boundary of the re exion cell. In order to have only one such facet in each region it would be necessary that two regions inside the re exion cell had a common vertical facet. But then all regions would have this property, which would imply there would be a point in GP \ R in the same horizontal plane as P. This does not happen, by our assumption on P.
2
Let us take P of the form (r cos( =8); r sin( =8); 1 2 ) with r > 0. We use the following notation for the points of GP insider R: P ?1 = P and, for every i 2 ZZ, P 2i = i P and P 2i?1 = i P ?1 . By our choice of P, P 1 equals the point obtained from P by the screw rotation of order eight around the vertical axis of R with translation of length 1. Hence, GP \R forms an orbit of the discrete group considered in Lemma 2.8. If the parameter k for the re exion planes is chosen su ciently large, then every pair of points which are neighbours in V or GP\R (P ) will also be neighbours in GP. Hence, P will have sixteen internal plus two external neighbours in V or GP (P ). In order to obtain a concrete example, it is su cient for k to be so that the three sphere centres O 1 , O 2 and O 3 in the proof of Lemma 2.8 be inside the re exion cell.
I.e., it is su cient that k > 7 (2 ? p 2)r ' 11:95 r :
Groups with re exions in one direction
There are 32 classes of three-dimensional crystallographic groups with re exions in one direction: 5 in the monoclinic system, 16 in the orthorhombic system, 6 in the tetragonal system and 5 in the hexagonal system. Let G be any one of them, let R be a re exion cell of G and let P be a point in R and with trivial stabiliser. The re exion cell R is an in nite strip determined by 2 parallel re exion planes which we assume horizontal and at heights 1 and -1 (see Figure 6 ). Therefore the maximal number of external neighbours is at most 2. Lemma 2.10 P 2 h has at most 6 neighbours on the plane h. Proof: Let G h = fg 2 G : g(h) = hg, then GP \ h = G h (P ). Note that G h = G 0 if h 6 = 0. If Q 2 h is a neighbour of P 2 h in the three-dimensional Delaunay triangulation there exists a sphere S passing through P and Q with no point from the orbit GP of P in its interior. The circle S \ h in the plane h passes through P and Q and has no interior point from GP \ h , therefore Q is a neighbour of P also in the twodimensional Dirichlet tessellation of G 0 P in the plane h. The maximum number of neighbours of a point in a two-dimensional stereohedral tessellation is 6. 2 Lemma 2.11 P 2 h has at most seven neighbours on the plane ?h.
Proof: Suppose h 6 = 0; otherwise the statement follows from Lemma 2.10.
Observe that GP \ h = G 0 P and, for any Q 2 GP \ (?h), GP \ (?h) = G 0 Q. By Lemma 1.3, we can bound the number of neighbours of P in the plane ?h by the number of regions of V or G0P (Q) intersected by V or G0P (P ), either considered as three-dimensional Voronoi diagrams or as two-dimensional Voronoi diagrams on the same plane. Moreover, G 0 P G 0 Q, when projected to the horizontal plane at height 0, form an orbit of the subgroup of G which xes this plane. By Theorem 3.1 below, V or G0P (P ) intersects at most seven regions of V or G0P (Q). 2
Adding up the bounds for internal and external neighbours we conclude that:
Theorem 2.12 For any three-dimensional crystallographic group G with re exions in only one independent direction and for any point P with trivial stabiliser, the Dirichlet stereohedron V or GP (P ) has at most fteen facets. 2 Example 2.13 (A Dirichlet stereohedron with 15 facets, for a group with only one independent re exion) Let G 0 be a two dimensional crystallographic group of type p2 generated by rotations of order two on the four vertices (0; 0), (0; 1), (1; 0) and (1; 1) of a square. In Figure 7 we show the Dirichlet tessellations of two speci c orbits of this group:
the orbit of the point (1=2; ) (with black dots) and the orbit of ( ; 1=2) (white dots) for a certain 2 ( 1 2 ; 1). Any Dirichlet region of one tessellation intersects seven regions of the other, and the two orbits together form an orbit of a group cmm. 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 000000000000000000 . Figure 7 can be regarded as the projection of the two orbits G 0 P and G 0 Q considered in the proof of Lemma 2.11. If the two re exion planes bounding R are su ciently far, then P has exactly six neighbours on the plane h, seven on the plane ?h and one neighbour in one of the re exion planes. If we move closer the two re exion planes, the rst combinatorial change occurs when the bottom re exion plane crosses the lowest vertex of V or GP (P ), which increases by one the number of neighbours, in a way similar to Example 2.5.
How two two-dimensional Dirichlet tessellations of the same group intersect
The proof of Lemma 2.11 relied on the answer to the following question: Given two di erent orbits GP and GQ of the same two-dimensional crystallographic group, how many regions of the Dirichlet tessellation V or GQ can each region of V or GP intersect? We will call this number the Dirichlet intersection number of the group G.
In this section we prove that the Dirichlet intersection number of every planar crystallographic group is bounded above by seven, except perhaps for the groups of type pgg. For pgg we have to make use of the extra assumption that the union GP GQ is again an orbit of a crystallographic group, which is the case that we needed in Lemma 2.11. The following statement summarises our results:
Theorem 3.1 Let G be a planar crystallographic group and let GP and GQ be two orbits of points with trivial stabiliser. Then, the number of Dirichlet regions of one of the orbits intersected by each Dirichlet region of the other orbit is bounded above by:
one, for groups of types pmm, p3m1, p4m and p6m. two, for groups of types cm, cmm, p31m and p4g. four, for groups of types p1, p3, p4, p6, pmg and pm. seven, for the groups p2 and pg. seven, for the group pgg, if GP GQ is again an orbit of a two-dimensional crystallographic group.
The bounds are tight in all cases except perhaps for pg and pgg. Proof: The groups of types p2, p3, p4, p6, pg and pgg require an elaborate proof, and will be dealt with in Sections 3.1 to 3.4. For the other eleven classes of planar crystallographic groups, we have: Lemma 1.5 directly implies that the number is at most four for any group p1, generated by translations. Independently of the metric parameters of the group, if the base points P and Q for the two orbits are chosen su ciently generic, then the Voronoi region V or GP (P ) will intersect exactly four regions of V or GQ .
Proposition 2.2 implies that the Dirichlet tessellation for a group generated by re exions does not depend on the chosen orbit, so the Dirichlet intersection number for the groups p6m, p4m, p3m1 and pmm equals one.
For the other groups which contain re exions in two independent directions (p31m, p4g and cmm), all the points of the orbit inside a re exion cell R must have the same distance to the centroid of R (every motion sending R to itself xes the centroid). Hence, R \ GP and R \ GQ are orbits of the same nite discrete group and, clearly, a region in one Voronoi diagram intersects two regions in the other, except in degenerate cases where the two Dirichlet tessellations coincide.
For the three groups which contain re exions in only one direction (cm, pm and pmg), the part of GP (or of GQ) inside R consists of one (for cm) or two (for pm and pmg) 1-dimensional translational lattices, placed in lines parallel to the re exion lines. Using Lemmas 1.3 and 1.5 we conclude that each region of V or GP can intersect only the regions of at most two points in each 1-dimensional lattice. Hence the Dirichlet intersection number is at most two for cm and at most four for pm and pmg. It is easy to check that both bounds are tight.
Observe moreover that the groups pg and p2 have only two aspects, so Corollary 1.6 already implies that their Dirichlet intersection number is at most eight. 2 Remark 3.2 We conjecture that the Dirichlet intersection number of pgg is at most seven, too. In Section 3.3 we prove it to be at most eleven. Applying the methods used there in a more sophisticated way we can show that it is at most nine, but we do not include a proof of this.
Observe that the number seven equals the maximum number of facets of a two dimensional Dirichlet stereohedron plus one. It is an interesting possibility that the Dirichlet intersection number of any crystallographic group in any dimension might be bounded above by the maximum number of facets of a Dirichlet stereohedron for that group plus one.
3.1 Groups of type p3, p4 and p6 Proposition 3.3 If G 2 fp3; p4; p6g and GP, GQ are orbits of G, then V or GP (P ) intersects at most 4 regions of V or GQ . Proof: For any of these three groups, the action of G tiles IR 2 into two classes of triangles with vertices in rotation centers of the group, as shown in Figure 8 . We call them \black" and \white", respectively. Any black triangle is adjacent to three white ones and vice-versa. The union of any pair of adjacent black-white triangles is a fundamental domain for the group. Without loss of generality we suppose P in a black triangle C 1 C 2 C 3 . Considering the bisectors between P and the points of GP obtained from P by the rotations at C 1 , C 2 and C 3 we conclude that the Voronoi region of P is contained in the union of C 1 C 2 C 3 and its three adjacent white triangles. If Q is in a white triangle, this argument shows that V or GP (P ) intersects only the three regions of V or GQ corresponding to points in the triangles adjacent to C 1 C 2 C 3 . Hence, in the sequel we will assume without loss of generality that P and Q lie both in the same black triangle C 1 C 2 C 3 .
In this case, our previous argument implies that V or GP (P ) can intersect only the following regions in V or GQ : the region of Q and the ve (in p 4 and p 6 ) or six (in p 3 ) regions corresponding to points of GQ in the black triangles at distance two from C 1 C 2 C 3 . These are the triangles contained in the thick polygons of Figure 8 .
We will prove now that only three from the six or ve black triangles other than C 1 C 2 C 3 produce regions which intersect V or GP (P ), for each xed P and Q. For this observe that the structure of the Dirichlet tessellation V or GP for any point P in the interior of C 1 C 2 C 3 is as follows: each region consists of a full black triangle and part of its three adjacent white triangles, in such a way that a unique new vertex of the tessellation, apart form the rotation centres, appears in the interior of any white triangle. See Figure 3 .1, where this is shown for the group p4. Of course, the decompositions of the white triangles into three sub-triangles are all equivalent by the action of the group. In a generic situation (and we only need to consider this case since degeneracies can only decrease the number of regions intersected) exactly one of the new vertices of V or GP will be contained in V or GQ (Q). Say that it is the vertex in the white triangle incident to the edge C 1 C 2 , as in Figure  9 . Then V or GP (P ) does not intersect any Voronoi region of V or GQ other than V or GQ (Q) in that white triangle. With similar arguments, in the other two white triangles V or GP (P ) intersects respectively one and two regions of V or GQ other than vor GQ (Q). 2
Actually, using the conventions of \black" and \white" triangles the proof of the previous lemma says: Corollary 3.4 If G 2 fp3; p4; p6g and GP, GQ are orbits of G, such that Q and P do not belong to a triangle of the same colour, then V or GP (P ) intersects three regions of V or GQ . If they belong to triangles of the same colour and they are su ciently generic, then V or GP (P ) intersects four regions of V or GQ . 2 3.2 Groups of type p2 Let G be a group of type p2, i.e. generated by two translations of vectors which we denote a and b and a rotation of order two. The order-two rotation centres of G form an a ne two-dimensional lattice and the translation vectors are exactly twice the di erences between rotation centres. The plane can be naturally tiled with congruent triangles with vertices in the rotation centres and without obtuse
angles. There is a unique way of doing this, unless the translation vectors a and b are orthogonal, in which case we choose one of the two possibilities. Any of these triangles, together with its three adjacent ones, forms a fundamental domain for G.
One is shown in Figure 10 .
We divide each of the triangles into three \ortho-regions" labelled A, B and C by drawing the altitudes from the vertices to the orthocentre (see again Figure 10 ).
For symmetry reasons we will rather speak of rhombi of types A, B or C, where a rhombi is the union of two adjacent ortho-regions labelled with the same letter. For any choice of the point P in a certain rhombus labelled A, the region V or GP (P ) is contained in the shaded region of Figure 11 (a). We call this the extended Dirichlet region associated to the rhombus A. To prove this assertion, the rest of the plane has been is divided into pieces associated to certain points in the orbit GP, displayed in the Figure. It is easy to check that the piece containing a certain point P 0 2 GP consists of points which are closer to P than to P 0 for any choice of P in the rhombus. The way to verify this is to consider the bisector of P and P 0 , for varying P (taking into account in each case the isometry sending P to P 0 and the bisector of P and P 0 ). Part (b) of the same Figure shows Of course, we can consider the extended Dirichlet region for any other rhombus of type A, B or C. In order to bound the number of regions of V or GQ intersected by V or GP (P ) we will use the obvious fact that if V or GP (P )\V or GQ (Q 0 ) 6 = ; then the extended Dirichlet regions of the rhombi containing P and Q 0 overlap. Without loss of generality we suppose that P lies in a rhombus labelled A and we will consider the cases of Q lying in a rhombus A or B separately. The case of a rhombus C would be analogous to B.
A; A] There are thirteen rhombi of type A whose extended Dirichlet region intersects a given one also of type A. The easiest way to see that this is true is observe that the initial extended Dirichlet region is contained in the union of a parallelogram with its vertices in rotation centres and the four parallelograms adjacent to it. Hence, the rhombi we are interested in are contained in the \Aztec diamond" formed by these ve parallelograms and the eight ones adjacent to them. This is shown in Figure 12 . Now, these thirteen rhombi belong to two orbits by the action of G, one with nine rhombi (shaded in Figure 12 ) and the other with only four. Hence, we only need to deal with the case where GQ lies in the rst orbit of rhombi. In this case, without loss of generality we suppose that P and Q lie in the same rhombus, which we denote A P .
The other eight shadowed rhombi are the ones obtained by the four rotations on the vertices of the parallelogram containing A P and the four translated a (A P ),
?a (A P ), b (A P ) and ?b (A P ). We claim that only one of a (A P ) and ?a (A P ) can contain a point of GQ whose region intersects V or GP (P ) (and the same for b). This reduces the number of possible intersecting regions from nine to seven, as desired.
To prove the claim, observe that the bisectors of P and a P and of P and ?aP form a strip of width jaj which contains V or GP (P ). In the same way, the bisectors of Q and a Q and of Q and ?aQ forms a strip parallel to and of the same width as the previous one, separating V or GQ ( a Q) and V or GQ ( ?a Q). Hence, only one of these two regions can intersect the strip containing V or GP (P ).
A; B] There are fourteen rhombi of type B whose extended Dirichlet region intersects a given one of type A, as shown in Figure 13 . Again, they divide into two orbits by the action of G, each having seven elements. Hence, only seven rhombi can contain points of the same orbit GQ. In the same way as we did for p2, we compute an extended Voronoi region for the fundamental subdomain A, i.e. a region containing the Voronoi region V or GP (P ) for every point P 2 A. The region obtained is the shaded one in Figure   15 . As in Figure 11(a) , the rest of the plane is divided into pieces containing each a distinguished element of GP so that for any choice of the point P 2 A the piece of a point P 0 contains only points closer to P 0 than to P. To compute the in uence region, rst observe that it must be contained in the \Aztec diamond" consisting of D G , the four fundamental domains adjacent to D G , and the eight fundamental domains other than D G adjacent to these four. Then, compute the extended Dirichlet region of the ten shaded subdomains of Figure 16 (i.e., apply to the extended Dirichlet region of A the appropriate transformation of G) and check that they do not intersect the extended Dirichlet region of A. The in uence region of A contains twelve fundamental subdomains of type A, eleven of type C and eight of types B and D. Actually, using the same argument as in the proof of the case A; A] in Section 3.2 the number of subdomains of type A can be reduced to eleven (only two of the four subdomains translated of A can produce intersecting regions). This immediately shows that the Dirichlet intersection number of G is at most eleven. With more sophisticated arguments we can decrease this to nine, but we will not do it here.
From now on we will concentrate in the case when GP GQ is an orbit of a crystallographic group, as needed in Section 2.3.
Lemma 3.5 Let G be planar crystallographic group of type pgg and P a point with trivial stabiliser, in a certain rectangular fundamental domain D G . Let Q 2 D G 00  00  00  11  11  11   00  00  00  11  11  11   00  00  00  11  11  11   00  00  00  11  11  11   00  00  00  11  11  11   00  00  00  11  11  11   00  00  00  11  11  11   00  00  00  11  11  11   00  00  00  11  11  11  00  00  00  11  11  11 00  00  00  11  11  11   00  00  00  11  11  11   00  00  00  11  11 be such that the union GP GQ is an orbit of another crystallographic group H. Then, the element of H sending P to Q is an involutive symmetry of D G . Proof: Let g be the element of H with gP = Q. If P = Q then g is the identity and there is nothing to prove. Suppose P 6 = Q.
Once we prove that g is a symmetry of the rectangle D G , the fact that g is an involution is easy: let g 0 2 H such that g 0 Q = P. Applying the lemma with P and Q exchanged, we conclude that g 0 is a symmetry of D G too. Now, if g 6 = g 0 , then H contains two non-trivial elements which x D G and the index of G in H would be at least three. Hence, g = g 0 and g 2 P = P. Since P has trivial stabiliser in G, g 2 is the identity.
Let us now prove that g is a symmetry of D G . We have the following two possibilities: either H has exactly the same rotations of order two as G, in which case it is clear that g is a symmetry of D G since it preserves the rectangular grid, or g sends the rectangular grid of rotation centres of G to another grid. We assume this is the case. Observe that, then, H is the group generated by G and any of the new rotations.
Any of the two grids of rotation centres is invariant under the rotations of the other one. There are only three ways in which this can occur: (a) the second grid has rotation centres in the center of the rectangles of the rst, (b) the second grid has rotation centres in the midpoints of vertical edges of the rectangles of the rst grid and (c) the same with horizontal edges.
In the three cases H contains a non-trivial symmetry of the rectangle D G . In case (a), the rotation of order two at the centre of the rectangle D G . In case (b), the re exion at the vertical axis of D G and in case (c) the re exion at the horizontal axis. In the last two cases the re exion in question is obtained as a composition of a rotation of order two in H and a glide re exion of G.
This symmetry of D G sends P to an element of GQ in D G , i.e. to Q. 2
There are six possible involutions of D G , displayed in Figure 17 : the identity, the rotation of order two at the centre of the rectangle, the re exions on the horizontal and vertical axes of the rectangle and if the rectangle is a square, (i.e. if jaj 6 = jbj) the re exions on the two diagonals of the square. Figure 16 ). We have P 0 ? P = Q 0 ? P so that the bisectors of P and P 0 and of Q and Q 0 are parallel. Moreover, the rst one is closer to P than the second one, and hence these two bisectors separate the regions V or GP (P ) and V or GQ (Q 0 ).
A; C] In the case A; C], we want to prove that among the 11 fundamental subdomains of type C inside the in uence region there are at most seven whose Voronoi region intersect V or GP (P ). In Figure 18 we show the two set of points of the orbits GP and GQ which lie inside the in uence region, with black and white points, respectively.
We will prove that the regions corresponding to the points labelled 2 0 , 4 0 , 5 0 and 6 0 in Figure 18 (where P = 0 and Q = 0 0 ) do not intersect V or GP (P ). Observe rst that the bisector bi(0; 1) is parallel to bi(1 0 ; 2 0 ) and with bi(0; 1) closer to 0 and bi(1 0 ; 2 0 ) closer to 2 0 . Thus, the Voronoi region of 2 0 can not intersect the one of 0. In the same way we eliminate the point 4 0 using the bisectors bi(0; 3) and bi(3 0 ; 4 0 ).
For showing that the Voronoi region of 5 0 in V or GQ does not intersect the one of 0 in V or GP , we will concentrate on the eight points 0, 0 0 , 1, 1 0 , 3, 3 0 , 5 and 5 0 , displayed in Figure 19 . The Voronoi diagram of the four points 0, 1, 3 and 5 is shown with solid lines. The Voronoi diagrams has to be combinatorially as shown in the gure since 0 and 5 are equidistant to the centre of the gure and closer than 3 and 5. The Voronoi diagram of 0 0 , 1 0 , 3 0 and 5 0 is shown in dashed lines, and obtained from the other one by a re exion in either a vertical or a horizontal line. with two sides on glide-re exion axes is a fundamental domain for G. Let P be any point and let s denote the segment parallel to b containing P and joining the closest glide-re exion axes (we assume that P is not on a re exion axis).
Using the methods of the previous sections we can easily construct an extended Dirichlet region for the segment s, which is shown in part (a) of Figure 21 . 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 00000000000 Similarly, we construct the in uence region of s, de ned as the union of all the segments parallel to b and joining two consecutive glide-re exion axes whose extended Dirichlet region intersects the one of s. This is shown in part (b) of Figure 21 . The in uence region is contained in the union of eight Dirichlet domains of pg: two in between the same glide-re exion axes as P and s, two in each of the two adjacent strips between re exion axes and one more in each of the next two strips. In principle this produces a Dirichlet intersection number of eight, but we can reduce it to seven using the same argument as in the case A; A] of the group p2: for any point Q, the Voronoi region V or GQ (Q) is contained between the bisectors bi(Q; b Q) and bi(Q; ?1 b Q), which form a band of width j b 2 j parallel to a. In particular, only one of the two regions V or GQ ( b Q) and V or GQ ( ?1 b Q) can intersect V or GP (P ). This reduces to one the two possible intersecting regions produced by the two fundamental domains in the strips farther from s.
